Problems with models of a fundamental length 
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I critically examine various ad hoc models describing a fundamental minimal length at the level 
of the propagator. They violate causality and/or unitarity. 
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A variety of thought experiments, as well as Loop 
Quantum Gravity and String Theories indicate that a 
minimal length L manifests itself as one approaches 
the regime of Quantum Gravity (see pj and references 
therein), possibly, but not necessarily, accompanied with 
a breakdown of Lorentz symmetry. 

There are unfortunately few consistent models of such 
a minimal length with which we can make reliable pre- 
dictions. The case of non-commutative field theories 
(NCFT) is instructive. Some of them (namely with only 
noncommuting space variables) can be obtained as lim- 
its of string theories on non-trivial backgrounds , and 
they seem to be unitary theories. By contrast it was 
found that NCFT who cannot be defined as a limit of 
a unitary string theory (3) are not consistent quantum 
theories U 

Because of this relative shortage of consistent frame- 
works, models are often formulated as ad hoc modifi- 
cations of field theories. Adopting this approach, one 
should keep in mind the important caveat illustrated by 
NCFT, to wit, although one may expect that models de- 
fined as the limit (e.g. low energy, weak coupling) of a 
certain unitary theory are consistent quantum theories, 
we have no guarantee that an ad hoc modification of rel- 
ativistic field theories defines a consistent model. Put 
differently, one cannot tinker with one axiom of QFT, 
for instance Lorentz invariance or locality, without con- 
sidering the repercussions this might have on the whole 
theory, in particular a violation of unitarity or causality. 

A few works putting forward this warning have already 
appeared [f| Q. The present notes are along the same 
lines. I will focus on models using modified propagators, 
which as far as I know is an aspect of the problem that 
has not been treated in previous studies. 

I first introduce three classes of modified propagator 
and show that they are not equivalent. Exemples of two 
of these classes have been proposed previously, with very 
different motivations. I do not discuss the relevance of 
these motivations but examine in sections [TT| and IIIII the 
properties of the propagators with regards to causality 
and unitarity. I comment on an additional proposal in 
section HVl Finally note that, although the models con- 
sidered here describe putative quantum gravity correc- 
tions at low energies, they are all non gravitational. 



I. THREE INEQUIVALENT CLASSES OF 
MODIFIED PROPAGATORS 

A. Three classes of deformed propagators 

There are (at least) three non-equivalent ways to de- 
form the Lorentz invariant Wightman function. Two of 
them are obvious from 
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that is we can assume either a non-relativistic dispersion 
relation u>k ^ Vk 2 (I consider massless fields through- 
out), or a non-relativistic measure /i(k) 7^ 1. In both 
cases, the Wightman function is no longer Lorentz- 
invariant (recall that d 3 k/k° is the invariant measure for 
on-shell integrals). The assumptions implicit in (fTJ) arc 
that the theory to which the propagator belongs contains 
a stable ground state in a prefered frame (hence appear 
only positive frequencies) which is translation invariant 
(hence the dependence on the difference of the positions) 
and isotropic (hence the dependence on r = |x|). Both 
these models arc briefly discussed in sec. [TTJ 

A third possibility, which appears perhaps less natural, 
consists in replacing r by a function R(r). Since R has 
the dimension of a length, it depends on at least one 
additional length scale L. We only require to recover the 
inverse square-law of long range forces, that is R ~ r for 
r 3> L (or r 3> max{L;} in the case of several length 
scales). All other things being equal, that is if ui = |k| 
and /x(k) = 1, this amounts to defining the modified 
Wightman function by 

- 1 1 (2) 
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4tt 2 (t ~ ie) 2 ~ R 2 (r) 

Note that there are two possible choices of R, namely 
R = \/r 2 ± L 2 , such that W depends on the Lorentz 



invariant distance x 2 



r 



only instead of t and 



r separately. These are two candidate propagators to 
describe a minimal length with Lorentz invariance. Their 
properties are described in sec. IIIII 



B. Proof of the inequivalence 
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I said that these three deformations are not equivalent. 
This is obviously true for the first two, because the phase 
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cannot be cancelled by a redefinition of the mea- 
sure /x(k) which is real. The nonequivalence between ^ 
and the other two is also proved from the expression of 
the Fourier transform w.r.t. the position 



W(t,k) = ft 
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where I defined the analytic continuation to negative val- 
ues of r by R{—r) = R(r). Since k > we can close the 
integration contour in the upper half-plane. In terms of 
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, the solutions of R(r) = \t — ie\ with Im(rj ) > 0, 
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For instance for R = r we have a single pole in the 
upper half plane depending on the sign of t, namely 
r t = ±i(l — ie). Similarly for R 2 = r 2 + L 2 , we have 
r t = ±sjt 2 -L 2 (l - ie) if \t\ > L and r t = ±iy 1 L 2 - t 2 
otherwise. Now, the prefactor t j^^ rt ^ is real, so it cannot 

be identified to a phase e~ lulkt , and it depends explicitely 
on time, so it cannot be assimilated to a nontrivial mea- 
sure /i(k). In addition, because of the nontrivial time 
dependence r t , the factor e lkrt cannot come from a mod- 
ified dispersion relation, which completes the proof. 



II. MODIFIED MEASURES AND DISPERSION 
RELATIONS 

A. Modified dispersion relation 

The cluster decomposition principle aside (it con- 
cerns only higher order correlation functions), relativis- 
tic QFTs rest on the axioms of microcausality and pos- 
itivity of the energy-momentum spectrum in every in- 
ertial frame Q. These two conditions are sufficient to 
show that dispersion laws, stable particles, as well as 
thresholds of continuums are Lorentz invariant Q . Hence 
breaking on-shell Lorentz invariance comes at the price of 
either non-causal propagation or a non stable spectrum. 

Propagators characterized by a modified dispersion re- 
lation u>k 7^ k can be defined as the inverse of the second 
variation of an action. To write the latter, two distinct 
approaches are possible. One can either assume that the 
theory is Lorentz invariant, but that this symmetry is 
broken by a background solution. Or one can assume 
that a preferred frame exists at a fundamental level, in- 
dependently of any solution one might choose (see [T(| 
for a comprehensive review). 

In the case of non gravitational low energy effec- 
tive field theories described by a Lorentz invariant La- 
grangian, the requirement of UV analyticity of the S- 
matrix forces the sign of certain leading irrelevant opera- 
tors to be positive, which in turn prohibits supcrluminal 



propagation on backgrounds breaking Lorentz symmetry 

I am not aware of a similar analysis for models with 
a fundamental preferred frame, nor do I know of any 
attempt to UV complete such a model. Nevertheless one 
can argue the same constraints apply on the effective 
theory. For this I use the off-shell formulation of the 
model. We can write the action in a covariant form with 
the help of a unit vector n and the induced metric q ab ~ 
g ab + n a n b on the surfaces orthogonal to n 

S = ~\ Jd^^^daCt*) 2 

+ q ab d a ct>d b <i> + <t>F(A)<j>} (5) 



A = q x l 2 d a (^/qq ab db) is the corresponding Laplacian. 
In the prefered frame defined by n, the dispersion relation 
reads u 2 k = k 2 + F(-k 2 ). 

Now, if gravity is turned on, the proffered frame must 
be defined dynamically in order to perserve the Bianchy 
identities [§]. But without gravity, ([5]) simply defines 
a non relativistic field theory, as considered routinely in 
condensed matter problems. There is dynamically no dis- 
tinction possible between a fundamental preferred frame 
as in (O or a preferred frame defined by a non trivial 
background solution of a rclativistically invariant theory. 
Hence n is a passive field and the demonstrations of [5( 
in principle also apply. But let us keep in mind that the 
lack of an explicit UV completion of such a model is a 
loophole of this argumentation. 



B. Modified measure 

One can note that the Wightman function verifies the 
equation 



(d 2 - A)W(t,x) =0. 



(6) 



Of course, it does not transform like a scale under boosts. 
Rather, if we boost for instance along the a;-axis with a 
Lorentz factor 7, we get 
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with t' = j(t — fix), x 1 = j(x — j3t), y' = y, and z' = z. 
The Fourier transform of the Wightman function exists, 
is positive, integrable, and vanishes outside the mass shell 
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Yet it is not clear (to the author) whether the model 
admits a consistent particle interpretation: if one in- 
terpretes (jSJ) by analogy with relativistc QFTs, it 
means that the one-particle spectrum is |(0|y(0)|p)| = 
yu([p|) S(p 2 ), see equation (fTT|) . which can hardly be in- 
terpreted as the spectrum of the energy-momentum op- 
erator. Moreover the action of tp is nonlocal. The model 
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can alternately be denned by the auxiliary field 

= Jd 4 y V 'fi(x - y) (p(y) 
with 

= I Jd A x (a a $) 2 + s int (io) 

We can thus expect that the model is unitary, but it 
seems rather contrived. 



III. MINIMAL LENGTH WITH LORENTZ 
INVARIANCE 

I consider the propagators ((SJ, specializing to the two 
simplest representatives of this class, namely 



G F {x) 
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4tt 2 -t 2 + x 2 ± L 2 
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Their interest lies in that they only depend on the proper 
length. It is easely seen that they cannot be defined as 
the second variation of a (local or non local) action, but I 
recall that they can be introduced from a modified path 
integral. I then show that their Fourier-Laplace trans- 
form cannot be interpreted as a spectral function. Next 
I study the properties of the commutator function: Gp is 
found to violate causality and to have an ill-defined den- 
sity of modes. By contrast free from these patholo- 
gies. I then discuss the implications of these results with 
regard to physical predictions. 



A. Definition from a modified path intergral 



Padmanabhan found that the propagator 
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can be defined by analytic continuation from a Euclidian 
path integral with a modified measure (l2l | , namely 



ds e 



K(s, x) 
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where s is Schwinger's fifth time coordinate, K is the 
heat kernel solution of (-d s + A) A' = 5{s)5 {d \x) and A 
is the 4d Laplacian operator. In 4 dimensions we have 
K = e- x2 / 4s /(4ns) 2 , the expression (JT3J) indeed gives 
(|12[) . Since K can be interpreted as the probability am- 
plitude for a particle with Hamilotian A to diffuse from 

to a; in a time s, one can say that the factor e~~ penal- 
izes those paths which take a proper time shorter than 
L 2 . 

Similarly, one shows that the propagator 



G- F {x) 
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(14) 



is by contrast obtained from the path integral 



G~ E {x) 



ds i 
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that is by replacing the factor e~ L "/ 4s by e +i2 / 4s , thus 
favouring the paths of proper time shorter than the min- 
imal length. Intuitively this is exactly the opposite of 
what we would like to achieve with the model of a mini- 
mal length, and we can expect to find that the phenomel- 
ogy of this propagator largely departs from standard 
physics. We will see that this is indeed the case. Com- 
parison with (|12p will dramatically illustrate how the ap- 
parently innocuous change — t 2 + x 2 + L 2 M> — t 2 + x 2 — L 2 
can have drastic repercutions. 



B. No spectral function 

The first important property of both (fl"2")l and (jT5J) 
is that their Laplace-Fourier transform cannot be inter- 
preted as a spectral function, that is as the spectrum of 
the operator P 2 . 

The Wightman function and spectral function are the 
Fourier transform from one another (see for instance the 
chapter 10 of Q) 



Ipx6 ^p{-P 2 ) (16) 



This expression is obtained by inserting a complete fam- 
ily of one particle states \n) in the expectation value 
{0\<p{x + y)(p(y)\0). The one particle states are assumed 
to be energy- momentum eigenstates with momentum p n , 
so that 
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■ P(-P 2 ) =Y. 5 (p 2 -pD K%(°)W I' > 0. (17) 



For instance for a free field of mass m, we simply have 
p{~P 2 ) = $(p 2 + m 2 )- Equation (fT7| shows explicitely 
that p is positive. The Feynman propagator is related to 
p{s) by 

G F (x 2 )= dm 2 p(m 2 )G { p\x 2 ;m 2 ). (18) 
Jo 

where Gp\x 2 ;m 2 ) is the Feynman propagator of a free 
field of mass m 



Gf{x 2 ]m 2 ) 



16tt 2 



: ds 



(19) 



The positivity of p implies that Gf cannot decay faster 
that 1/p 2 as \p 2 \ — > oo. Moreover, the commutation 
relations expressed in the form -^W{x — y)\ x o =y o = 
—iS^ (x — y) imply the sum rule 



dm 2 p(m 2 ) = 1 . 



(20) 
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With these definitions and properties now recalled, we 
ask whether the modified propagators Gp admits a spec- 
tral representation p±(m 2 ). The following results are 
shown in the Appendix. I begin with Gj. Its Laplace- 
Fourier transform is not positive, the sum rule (|20[) is 
not verified, and for mL -C 1, i.e. the low energy regime 
where the propagator is assumed to describe corrections 
from quantum gravity, one finds 



L 



p + (m 2 ) = -—{l + 0((mL) 2 )} 



(21) 



We conclude that the Fourier-Laplace transform p + of 
(fT2"j) cannot be interpreted as a spectral function of a 
local QFT . That does not mean that there does not 
exist any unitary theory which would give (|12[) as a low 
energy propagator. It means that this theory, if it exists, 
is neither a quantum field theory, nor a string theory. 
In any case, we do not know what are the elemetary 
excitations of this theory, but we know that they do not 
resemble particles as we know them. From this point of 
view, one can hardly argue that (| 12[) describes "small" 
corrections introduced by quantum gravity. 

Turning now to (|15p . we have by contrast p_ > 0. But 
Jdm 2 p_ = oo, in particular due to an infrared divergence 
in the small mL development of p+ 
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Thus p- cannot be interpreted as a spectral function ei- 
ther. 



C. Causality 

In this subsection and the next, I consider the commu- 
tator defined by 



Gf(x) = W ± (x) - W ± (-x) 



(23) 



where the Wightman function, by definition, has the 
same functional form as (|12[) and (Tj"4")) , but for the ie 
prescription, namely 



W ± (t,r) 



1 



4tt -(t - ie) 2 + r 2 ± L 2 
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1 One could wonder whether one should not instead interprctc 1 1121 
in terms of "quasi-local QFTs". In this framework, the notion 
of strictly localizable observables is sacrificed llll . so it seems a 
priori to be a consistent thing to do. It turns out that this is not 
necessary. Let us remind that in quasi-local QFTs, the operators 
are not tempered distributions but are smeared by real analytic 
functions in rr-space. This implies that the Wightman functions 
in momentum space can grow as fast as an cxponental e i l p l, 
while if Wightman's axioms are adopted, the growth is instead 
polynomial. In our case, the Fourier transform of l/(x 2 E + L 2 ) is 
^K\(pL) oc e~ pL for pL 3> 1. So quasi-local QFTs need not be 
invoqucd. 



respectively. Applying l/(x ± ie) = pv =p iS(x), the com- 
mutator can be written 



Gf(x) 



47ri?± 



[<5(t-i? ± ) -Sit + R*] 
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R ± (x;L) = V* 2 ± L 2 



and I recall that the + sign is for (|12p and — for (TTj 

The reason for considering the commutator is three- 
fold: in quantum field theories, it is related to the canon- 
ical commutation relations, to the retarded and advanced 
Green functions, and to the density of modes. We 
have already examined the first aspect in the previous 
section, where we saw that the commutation relations 
g|o G c \ x o =0 = —iS^ (x) imply the sum rule ([2TJ]) . and 
that neither (fT2"j) nor (TTJJ verifies the latter, so they do 
not verify the former either. The density of modes is 
the subject of the next subsection, and this subsection is 
concerned with their causal properties. 

Let is begin with (jT2"j) . The support of is the 
double-sheeted hyperboloid t 2 — x 2 = L 2 located inside 
the light cone. The commutator therefore vanishes for 
spacelike separated events \t\ < r. In that sense, mi- 
crocausality is preserved. Indeed, if we now define the 
retarded propagator by G let (t, x) = i9(t)G c (t, x), the sig- 
nal from a local source J(t, x) = Jo5(t)6 (x) is propagated 
according to 



d 4 Xl G+ t (t 



ti,x- xi) J(£i,xi" 



Jo 



AttR+(x;L 



■0(t)S [t-R + (x;L)] 



(26) 



Hence the signal from the source J propagates only after 
a lapse of time L and the propagation of the " wavefront" 
is subluminal. 

I now turn to (fl4|) . I recall that it differs from (|T2|) 
by the change -t 2 + r 2 + L 2 ^ -t 2 + r 2 - L 2 . The 
commutator has now its support on the spacelike hyper- 
boloid x 2 — t 2 = L 2 , so microcausality is violated. We 
also see that G~ t does not propagate signals with a spa- 
tial extension smaller than L, no matter how long they 
act. 

In both cases, the difference with the luminal behavior 
is significant only over a region of extension O(L), the 
ratio of the four volumes inside the "light-cones" scaling 
like L 2 /t 2 at large times. This violation is therefore mild 
and unlikely to be observable on macroscopic scales. I 
shall not insist on these causal properties because it is 
not clear in which sense one should understand them. 
To make sense of the notion of causality for (jT2"j) or (|14l) , 
one would require cither a field that would couple to the 
source J in (|2"B)) . but we know that there is no such field 
description of the model (I did not write ip = on the left 
hand side of ([2l>f ); Or one would require that they are 
solutions of a partial differential equation. Its character- 
istics could then be interpreted as the propagation of a 
pointlikc source. But there is no such partial differential 
equation cither. 
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D. Density of modes 

The Fourier transform of the commutator G c (w,x) is 
proportional to the density of modes at the frequency w. 
For (fni it is 



G+( 



smujR 
2nR 



(27) 



I left the e of £[21) finite to show that L 2 in £[2]) is not 



simple energy cutoff, and to show that the limits e — > 
and L — > are both well defined and commute. The 
only difference with the Lorentz invariant case is the re- 
placement of |x| by Vx 2 + L 2 . The limit |x| — > is the 
standard result. 

The effective density of modes of (| 14[) is very different. 
We need to discuss two cases separatly. First, for |x| > L, 
the Fourier transform of the commutator is the same as 
(|28j) . now with y/x 2 — L 2 . Second for |x| < L the poles 
are now imaginary. Noting R = v 1 L 2 — x 2 , the poles of 
the Wightman function are (±iR + e), hence 



G-(cj, |x| < L) = sinh(o;e) 



2ttR 



(28) 



The reader can check that the limits e — > and L — > 
do not commute, that the Lorentz invariant result is not 
recovered in any of the possible limiting cases, and that 
G~(ui,x) has a discontinuity at |x| = L. 

We will now see how the expression of the density of 
modes modifies the expression of inclusive observables. 



E. Predictions ? 

What predictions can one make with these propaga- 
tors. We saw that neither £[2|) nor (jT4j) admit a particle 
interpretation. This alone considerably limits their inter- 
est since they cannot be used in calculations of S-matrix 
elements between asymptotic states, for there are neither 
asymptotic states, nor LSZ-reduction formula, nor cut- 
ting rules with which to calculate scattering amplitudes 
and cross sections. This means that they can only be 
used to calculate vacuum-to- vacuum processes, exemplcs 
of which can be found in [l3j for (fT2|) (namely the Casimir 
effect, an effective potential, an effective Lagrangian, and 
the trace anomaly) . It was found that the modified prop- 
agator produces small corrections suppressed by L times 
the relevant mass scale squared. For instance for the 
Casimir effect between parallel plates distant by a, the 
relative correction is proportional to (L/a) 2 , a very small 
number. I am not aware of similar results with the prop- 
agator CE3]), but these calculations are readily adapted, 
and all the vacuum expectation values are obtained by 
analytic continuation L 2 i-> — L 2 . In either case, there is 
no hope to test these models with such tiny corrections. 

Despite this, these propagators have been considered in 
investigations of Hawking radiation and the Unruh effect 
141, which I now review. This will illustrate how the 



properties described in the previous subsections transi- 
late on physical observables, and in passing I will correct 
a glaring error found in fl4j . 

The simplest model conceivable to show that uniformly 
accelerated detectors coupled to fields in the Minkowski 
vacuum react as in a thermal bath consists of a point de- 
tector following a trajectory Xd c t{T) parametrized by its 
proper time r, and locally coupled to a scalar field. The 
detector possesses two internal states |±) separated by an 
energy gap E in the rest frame. The interaction Hamil- 
tonian is thus H = g (e lBr |+)(-| + h.c.) <p[x det {r)]. The 
transition rates from the ground (excited) state (± sign) 
are given at lowest order by 



(29) 



where VV(tl,t 2 ) = (0|^(a;(ri))^(a;(r2))|0) is the Wight- 
man function of the field evaluated at two points on the 
trajectory of the detector. 

One should keep in mind that equation (f2"9")l is de- 
rived in QFTs but has to be postulated "by analogy" 
for the propagators (|T2|) and (fT4|) . Indeed, transition 
rates such as (f2"9"|) are obtained from scattering ampli- 
tudes after summing over the one-particle final states of 
the quantum field emitted or absorbed during the pro- 
cess. But we saw that no such description is available for 
the propagators (TT2"j) and (|T4l . Matters are even worse if 
we use a fully relativistic model where the two-level de- 
tector is replaced by two massive scalars fields V^m and 
^> m of masses M > m. (The first quantized model is 
recovered in the limit M — m <C M .) In that case there 
are no asymptotic states to describe the detector either. 

With this caveat in mind, let us calculate the transition 
rates (|2"9")l . We can afford ourselves to be a bit more 
general and consider two-point Wightman functions of 
the form 
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1 



4tt 2 / [(< - ie) 2 - x 2 ] 



(30) 



which depend on the invariant length s 2 = t 2 — x 2 but not 
on t and x separately. I assume that /(s 2 ) has dimension 
[length 2 ] , and that it has an arbitrary number of simple 
zeros Zfc in the complex z-planc. Both for incrtial and 
uniformly linearly accelerated detectors, the sections of 
Wf on the detector's trajectory depend only on the dif- 
ference of proper times. The transition rates (|29]l are 
therefore independent of r and can be furthermore cal- 
culated with the theorem of residues (this contrast with 
models characterized by a non relativistic dispersion re- 
lation, for which stationarity is lost [l5[ ). For inertial 
detectors we have 



R± 



~9 
4tt 2 



(It 



f[(r-ie) 2 ] 



One then readily shows that 

/oo 
dre iET G c (t) 
-OO 



(31) 



(32) 
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which, for inertial detectors, is proportional to the time- 
Fourier transforms (|27p and ([28)1 at x = of the com- 
mutators. We can therefore expect that the transition 
rates calculated with ([M[) are deformations of the stan- 
dard ones, while the pathologies of ([28)) produce senseless 
transition rates. This is confirmed by a direct calculation. 

To begin with I recall for reference the standard case 
f(z) — z. The double pole at t = ie gives 
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std.TY 
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itdJr, 
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2tt 



(33) 



The first result expresses the stability of the Minkowski 
vacuum in any inertial frame. 

In the general case (|3T))) . I note Zk = Tj* the poles of 
Wf, with Tk > by convension. Two cases must now be 
distinguished. First, if Im(rfc) = 0, we have 



in 
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0, R 
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As in the standart case, R + = because all the poles 
ie±Tk are in the upper half complex plane. The simplest 
example of this class of propagators is (|12[) . for which we 
have only two simple poles in t, namely ±L + ie. For 
a uniformaly accelerated observer, the expression of the 
modified wightman function is 



1 



W(t) = 

V ' 16tt 2 sinh 2 (ar/2) - {La/2f 

and the transition rates become 
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(35) 



(36) 



where pk = |argsh(^). I note i?^ d the rates given by 
field theories with standard propagators 
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In the second case, where Imfa) ^ 0, we must have 
Re(j~k) = in order to obtain real-valued transition rates. 
The simplest propagator in this class is ([T4")) . with = 
±iL + ie. If we note Tk = ifk + ie, we obtain 



R- 
R+ 



n 2 ^ P -Er k 

■— e~ eE V - 

47T ^ T k 
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(38) 



These expressions are clearly meaningless, if only because 
the transition rates diverge as Tk — > 0. The expression 
for uniformly accelerated detectors are of course just as 
senseless as ([3"5)l . The authors of [l4| argued that "to 
produce a physically sound result one must necessarily 
substract the naive inertial condibution" , for the transi- 
tion rates of accelerated as well as inertial detectors. This 
is of course wrong since it amounts to remove the double 
pole ie of the Wightman function, which encodes both the 
stability of the vacuum, see p3|) . and the causal proper- 
ties of the theory via the identity ([23)l . Considering the 
standard rate i?_ illustrates how erroneous is their logic 
(they apparently only considered the rate which van- 
ishes for inertial detectors in the standard case): in the 
inertial case R^ d ' In Q while their prescription gives a 
vanishing rate, and in the case of uniformly accelerated 
detectors, the rates are equal: 



nua _ 7->std,tfa j->std,7n 

ref [14] = U - 



= a" 



d T e iET 



4sinh 2 § (r- ie) (r - ie) 2 



/+oo f +°o 

Or*™ E 

-°° U=-c 



(T-ie-m^-) 2 (T-te) 2 



g 2 E 
2tt 



e -n27rE/a 



" R_ = R + (wrong) 



(39) 



As already explained, the error was introduced precisely IV. EUCLIDIAN PROPAGATORS 

by substracting the pole t = ie of the thermal propaga- 

^ or ' Models are sometimes defined from the Euclidian prop- 

agator. An example found in the literature is [l(| 



(40) 
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where p 2 E = p 2 + p\ is the squared norm for the Euclid- 
ian scalar product. The least one should require is that 
to (|40| corresponds a well defined Fcynman propagator 
in Minkowski space, since spacetime is not Euclidian but 
Lorentzian, and Euclidian propagators are therefore only 
meaningful if they are the analytic continuation of a well 
defined propagator in Minkowski space (Wick rotation). 
In standard QFT, the Euclidian and Feynman propa- 
gators are related by Gf(p 2 — ie) = iGE(p 2 E )- We see 
that the Lorentzian version of (|40[) is not integrable in 
frequency. In particular its Fourier transform does not 
exist. This means that neither the spectral function, nor 
the retarded and advanced propagators exist. 

The authors of [l6[ introduced the propagator ([40]) as 
a worthy tentative to define a unitary and Lorentz in- 
variant NCFT. Their proof of unitarity consists of the 
following steps: they first adapt the cutting rules to the 
present propagator, calculate with them the imaginary 
part of the self-energy at one loop, and compare the result 
with an independent calculation of the decay propability. 
This calculation is done in the Euclidian. Crutially, the 
final expression of the amplitude does not present an ex- 
ponential factor exp(— L 2 p E ) of the external Euclidian 
momentum, as one would expect naively. This is what 
allowed them to do the analytic continuation of the am- 
plitudes pe i— > — thus finding well behaved scatter- 
ing amplitudes verifying the optical theorem and usual 
bounds. 

My criticism about this procedure is that these calcu- 
lations are mere formal manipulations done in analogy 
with the ones of standard QFTs. Indeed the propagator 
is only defined in the Euclidian, and these calculations 
only make sense in the Euclidian, so the analytic contin- 
uation of the Euclidian amplitude is not the amplitude of 
a relativistic QFT, since the latter does not exist. More- 
over, the absence of an exponential factor exp(— L 2 p 2 E ) 
in this amplitude might be due to the simple kinemat- 
ics of the process, and it might very well be found in 
multiparticle scattering processes. 

V. CONCLUSION 

These notes put forth a warning concerning ad hoc 
models of a minimal length, namely that basic proper- 
ties of the models, to wit causality and unitarity, should 
be checked before it is used in calculations. Thus for in- 
stance, how should one intcrprcte a scattering amplitude 
in a model without a Feynman propagator or a particle 
intcprctation? This is not to kill all initiative regarding 
this approach, but elementary care should be exercised. 
A safer way to construct models would be, for instance, 
to start from a spectral density and calculate its propa- 
gator by Fourier-Laplace transform. This would at least 
guarantee unitarity, by construction. 



Appendix A: Spectral function 

Writing the Euclidian propagators (|T3)) and (fl"5|) 

G ± = 1 L_ 

E 4tt 2 x\ ± L 2 

gives by identification with (|18p and (fT5|) 

/■OO 

e^' As ^ dm 2 p ± (m 2 )e^ m2+l ^ s (A2) 
Jo 

Hence p±(m 2 ) is the inverse Laplace-Fourier transform 
of e^ L2 ' is . 

Let us first quote the following theorem: Let f(t) be 
a continuous function of the interval [0, oo) which is of 
exponential order, that is, for some fcgR. 

sup|/(i)|e- 6t < oo. (A3) 
t>o 

In this case, its Laplace transform F(s) = f^dt e~ st f(t) 
exists for all s > b and is unique. Then, / > if and 
only if 

(«) > o (A4) 

for all n > and all s > b. 

In our case, F(s) = e a ^ s . Assuming that the spec- 
tral density is of exponential order (a property which one 
checks a posteriori) , application of the previous theorem 
shows that: i) the inverse of e~ L / 4<T takes negative val- 
ues; ii) the inverse of e~ L / 4<T is non negative. This will 
be verified by the direct calculation. 

Let us now proceed with the calculation, begining with 
CU): 

1 /"7+ioo 

P+ (m 2 -L 2 ) = -L dae m ^~ L2 ^. (A5) 

*^ 7r Jy—ioa 

The constant 7 is strictly positive in order to avoid the 
essential singularity at a = 0. After the two following 
change of variables a = iLr /2m and t — ln(r) (branch 
cut along the negative real axis), one obtains 

p+(m 2 ;L 2 ) = [dte t+i ^ m+i ^ Lcosht (A6) 

vkvh J c 

where C is a contour in the strip — 7r < Imi < that runs 
along Im< = — n from 00 to the imaginary axis, then runs 
along the imaginary axis towards the origin of the plane, 
avoids the latter and finally goes back to infinity along 
the real axis. Explicitly, 
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p+(m 2 ) = J dye- iy+l{m+t€)Lcosy + 2Rc J dx e x + i ( m + i *) L cosh (A7) 

The first integral, which corresponds to the vertical line of C, is purely imaginary, so multiplied by i it gives a real 
contribution to p-(m 2 ). Writing e x = cosh a; + sinhx, the second term in brakets evaluates to 

poo imL 

/ dxe x+l< - m+i ^ Lcoshx = KAimL) + i- (A8) 

J mL 



Using K\(imL) = — (mL), and ReWi = J\, we get 



2 

2 sin mi 



p+ = [i [ dye- iy+ ^ m+ie)Lcosy -7T 

47rm I J 

The remaining integral times i is a real number, so we write 



Ji (mL) + 



7T mL 



7+200 

p_(m 2 ) = ^- / dae m2CT+L2 / 4CT 

(it g^+"i(^+?e)L sinht 



i 

L 

Airm 
L 



4,-nm 

The second term in the curly brakets is also equal to 



(A9) 



pTC pTC p 1 • T 

i / dye- ly+l(m+le)Lcosy = / dy siny e l{m+le)Lcosy = 2Re / due" nLu = 2 Smm (A10) 
7o 7 7 mi 

The final resul is thus 

p+ = -±J 1 (mL) (All) 
which as shown previously takes negative values. In particular the limiting expression for mL <C 1 is 

p+(m 2 ) = -^-{l + 0((mL) 2 )} (A12) 

Moreover using the tabulated integrals f n °°dx J u (bx) = b^ 1 for Rc(^) > — 1, b > 0, we also get 

f°° 1 

/ dm 2 p-(m 2 ) = -- ^ 1 (A13) 
Jo 2 

In conclusion, p + cannot be interpreted as a spectral distribution. 
Reproducing the same steps with (fT4|) we get 



[i J^dye~ ly+ ( m+ ^ Lsiny + 2Rc dx e x+l(m+ie)Lsinhx } (A14) 



/ dx (coshx + sinhx) e l(m+le)Lsinh * = — - / "dy cosli2/e- (m+ " )icosh!/ (A15) 
Jo mL 7-if 

where the change of variable a: = y — i7r/2 has been made. The latter integral can be calculated by application of 
Cauchy's theorem, closing the contour to make a rectangle with the opposite edge along the real axis, 

/oo— i\ poo /' 7r /2 

dy cosh ye- {m+le)Lcosh y = dx coshx e~^ m+ ^ Lcoshx + i dx cos x e~ mL cos x . (A16) 
-if JO Jo 

The first integral on the right hand side is real and recognized as K\{mL), and the second integral is also real. 
Combining (|A14[) - ([A16p one obtains 

P-{m 2 ;L 2 ) = — [Ki(mL) + i f dy e- ty+ ^ m+ ^ Lsiny \ (A17) 

47TTO In 



Since i times the integral in the brakets is real, we can alternatively write 



p_(m 2 ;L 2 ) = -i- \ Ki(mL) + I dy smy e im+le)Lsiny \>0. (A18) 



Atttyi 

Although positive, this function is not integrable over the positive values of its argument m, 



dm 2 p-(m 2 ) = oo (A19) 



o 



since K\{z) ~ z 1 for z — > and e 2smy is not integrable at z — > oo for the whole the range of integration y <E [0, it}. 
Finally in the limit mL <C 1 one has 

p - [m2) = { l + 2mL + ln (jr) +l2{1 + ° {mL)) ) (A20) 

and we see also here the term 1/mL responsible for the divergence of (|A19[) at the lower bound. Because of this, p_ 
cannot be interpreted as a spectral function. 
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